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1. INTRODUCTION 
Let C be a closed orientable Euclidean cone manifold whose singular set Cc is a knot in C. 
The pair (C, Cc) is called a Seifert pair if C admits a Seifert fibration having Cc as a fiber. The 
complement of the singular set C\& has an induced Euclidean structure, which is neither 
singular nor complete. In partictdar, we have a holonomy representation of the funda- 
mental group of C\& into the orientation preserving isometry group of the Euclidean 
space: 
0: nl(C\&) + Isom+(E3). 
We call this representation the holonomy of C. Let ROT:Isom+(E3) + SO(3) be the 
surjective morphism whose kernel is the translation group. The composition with the 
adjoint representation Ad 0 ROT 0 CD defines an action of rci (C\Cc) on the Lie algebra SO(~) 
and we denote by H*(C\C,-,Ad RoT.a SO(~)) the corresponding cohomology groups. 
THEOREM A. Let C be a Euclidean cone manifold such that Cc is a knot in C, (C, Cc) is not 
a Seifert pair,& the singular angle c(~ is not an integer multiple of 2~. Let 
@: TC~(C\&) -+ Isom+(E3) be its holonomy. Zf H’(C\Cc,Ad ROT-cp SO(~)) g R, then there 
exists E > 0 such that, for CI E (a0 - E, x0 + E), C admits u geometric cone structure with 
singular set Cc and singular angle s(: 
~ hyperbolic for CI E (a0 - E, CQ); 
-spherical for CY E (c(~, CI~ + E). 
If (C, Cc) is a Seifert pair, then such a hyperbolic cone structure are not possible, because 
the fundamental group nl(C\Cc) has a normal subgroup isomorphic to Z. In the Seifert 
case, we can find cone structures having Seifert geometries (namely Hz x R and S2 x R) by 
deforming the basis of the Seifert fibration. 
We assume that the singular angle is not an integer multiple of 27c, because this 
guarantees that the holonomy of the meridian is a nontrivial rotation. In particular, with 
this hypothesis the complex length of the meridian is a well-defined function and we may 
use it in our arguments. 
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The hypothesis on the cohomology is a technical hypothesis on the regularity of the 
variety of representations of n1 (C \&) into SO(3) at ROT 0 CD. It implies that the conjugacy 
class of ROTo@ is a smooth point of this variety (Lemma 6.2). 
According to a theorem of Hodgson and Thurston (see [9, lo]), if (C, Xc) is not a Seifert 
pair and the singular angle is less than or equal to x:, then H’(C\CC,Ad,,RoTOQ SO(~)) g R, and 
so Theorem A applies. To prove this theorem, first they show that, if the complex dimension 
of H’(C\CC,Ad ROT,@ SO(~)) isbigger than one, then there exists a nontrivial parallel l-form 
on C valued in the tangent bundle whose restriction to a tubular neighbourhood of Cc is 
cohomologous to zero. This implies that ROT0 @ is contained in O(2) and that 
(ROTo@)(p) E SO(2) f or every meridian. We will show that in this case (C, Cc) is a Seifert 
pair (Lemma 9.1). 
If we describe other deformations of the structure on C\& with the generalized Dehn 
surgery coeficients defined by Thurston (see [19, 161 or [9, Section 2]), the Theorem A may 
be extended. Let N(C,) be a tubular neighbourhood of Cc g S’, ,U be a meridian and 
A E ~~(alv(&)) such that p and i, generate n:l(dN(&)). Given a representation 
p: 7c1(C\Cc) + Isom+(H3), let u,(p) and un(p) be the complex lengths of p(p) and p(A), 
respectively. If p(p) is not trivial, then up and uI are analytic functions defined on a neigh- 
bourhood of p in the space of representations of 7c1(C\Cc) into Isom+(H3). In the 
hyperbolic case, the generalized Dehn surgery coefficients (p, 4) E R2 are defined by the 
following equation: 
pu, + qun = 27ci 
for suitable branches of ug and ul. For instance, for a hyperbolic cone manifold with 
singular angle CI we take z+, = ai and so p = 24~ and q = 0, because the real part of u1 must 
be nonzero. For Euclidean and spherical structures a similar definition of the generalized 
Dehn surgery coefficients may be given. 
The next theorem is a generalization of Theorem A, for, when q = 0, we have a geomet- 
ric cone structure with singular angle M = 2x/p. 
THEOREM B. Let C be an orientable Euclidean cone manifold as in Theorem A. Let (pO, 0) 
be the generalized Dehn surgery coejicients of this Euclidean structure. There exists a neigh- 
bourhood U of (pO, 0) in R2 such that, for (p, q) E U, there is a geometric structure on C\& 
having coeflcients (p, q). The kind of structure is described by an analytic function 
f: ( -E, E) -+ R as follows: 
-hyperbolic for p >f(q); 
-Euclidean for p = f (q); 
-spherical for p < f(q). 
Moreover, f is strictly convex at q = 0. 
For c~ E (a0 - E, a0 + E), let C, denote the geometric one manifold with singular angle 
tl obtained in Theorem A. This is, C, is hyperbolic for M < cl,-, and spherical for c( > Q,. We 
want to study the volume of this family of cone manifolds. Let Vol(C,) denote the volume of 
C, and K(C,) its sectional curvature. Note that the real number K(C,)3 Vol(Q2 is invariant 
by dilatations of C,. 
PROPOSITION C. In a neighbourhood of ao, K(C,)3 VOLT depends analytically in M. 
Moreover, 
K(C,)3Vol(C,)2 = $f”(O)(a - ao)3 + O(lc( - a014) 
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Fig. 1. Geometric structures described by generalized Dehn surgery coefficients according to Theorem B 
(cf. example of figure eight knot in [9, Section 29.31). 
where f is the map of Theorem B that locally defines the boundary of the hyperbolic region in 
the generalized Dehn surgery coejficients space. 
A similar result was obtained by Hodgson in his thesis [9, Section 281 but with 
a different coefficient for the term on (a - N,,)~. By comparing both coefficients we obtain 
the following corollary. As before, the real number Length(&)3/Vol(C) is invariant by 
dilatations of the Euclidean cone manifold C. 
COROLLARY D. Let C and f be as above. We have 
We prove this results by studying holonomy representations of rr,(C\&). We study 
hyperbolic, Euclidean and spherical holonomies by looking at the set of representations of 
K~(C\C,) into SL,(C). Following [4], we write R(C\&) for this set and we call it the variety 
of representations. As rcl(C\&) is finitely generated, R(C\C,) is a complex affine algebraic 
set. 
Let X3 be H3, E3 or S3, and Isom+(X3) be the subgroup of orientation preserving 
isometries. According to a theorem of Culler [3], every holonomy representation of 
ni(C\Cc) into Isom+(X3) can be lifted to a representation into %+(X3) the universal 
cover of Isom+(X3), which is two-sheeted. 
In the hyperbolic case, %+(H3) is isomorphic to SL,(C) and it is natural to consider 
lifts of hyperbolic holonomies as points of R(C\C,). In the spherical case, %‘(S3) is 
isomorphic to SU(2) x SU(2). So every lift of a spherical holonomy representation can be 
viewed as a pair of points of R(C\C,), since SU(2) c SL,(C). This idea has already been 
used by Hilden et al. in [8]. In the Euclidean case, we still have a surjection: 
ROT : % + (E3) -+ SU(2) g ;;c;s-). 
So, for a lift of a Euclidean holonomy a: rri(C\&) + %‘(E3), ROT0 @ is a point of 
R(C\C,) and we will show that the translational part of @ is a tangent vector to R(C\C,) at 
ROTo@,, since it is a crossed homomorphism. 
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The proof of Theorems A and B has two main parts. The first one deals with the 
geometric interpretation of paths of representations. The main point is that the transla- 
tional part of the Euclidean holonomy @ is a tangent vector which gives the direction in 
R(C\C,) to regenerate ROT0 CD into hyperbolic or spherical holonomy representations. 
The second part of the proof studies the variety of representations in a neighbourhood of 
ROT 0 @. In particular, we are interested in the local behaviour of the trace of the meridian. 
We show that the trace of the meridian is not a local parameter of the representations of 
R(C\Cc) up to conjugation but a branched cover of degree two. This is related with the 
formula of Corollary C and explains why Vol(C,) is not differentiable in a but Vol(C,)’ is. 
The paper is organized as follows. In Section 2 we give a sufficient condition for a path 
of representations to correspond to a change from a Euclidean structure to a hyperbolic or 
spherical structure. In Section 3 we apply the result of Section 2 to three-dimensional cone 
manifolds. In Section 4 we study the behaviour of the volume on the family of cone 
manifolds obtained in Section 3. In Section 5 we recall some definitions and useful results 
about the variety of representations. In Section 6 we study the local behaviour of the trace 
of the meridian and we prove Theorem A. Theorem B is proven in Section 7, and 
Proposition C and Corollary D, in Section 8. Finally, in Section 9 we show some results 
involving Euclidean holonomy representations. 
2. FROM ALGEBRAIC TO GEOMETRIC DEFORMATIONS 
In this section, we show an algebraic condition on a path of holonomy representations 
so that it corresponds to a hyperbolic or spherical regeneration (Proposition 2.3). 
2.1. Let M” be a compact, smooth and n-dimensional manifold with boundary whose 
interior has a not complete Euclidean structure. The example we have in mind is the exterior 
of the singular set of a Euclidean cone manifold, which is not complete. 
Let 0 : n1 (M”) -+ Isom(E”) be the holonomy representation of this Euclidean structure. 
We consider the orthogonal representation ROT 0 CD : x1 (M) + O(n) where ROT : 
Isom(E”) + O(n) stands for the projection whose kernel is the translation group. Let H” and 
s” denote respectively the n-dimensional simply connected hyperbolic and spherical spaces. 
Since the orthogonal group O(n) can be embedded into the isometry groups of H” and S” as 
the stabilizer of a point, we regard ROT 0 @ as a representation into the isometry groups 
Isom(H”) or Isom(S”). In particular it is a degenerate representation. We consider a defor- 
mation of this representation. That is, we have a path (pt}reto, E) in the space of representa- 
tions of nl(M”) into Isom(H”) or Isom(S”) such that p0 = ROTocD. Proposition 2.3 gives 
a sufficient condition so that, for t > 0 sufficiently small, pt is the holonomy of a hyperbolic 
or spherical structure. 
2.2. Definitions. Let X” be H” or S” and x0 E X” be the point fixed by p. = ROT 0 CD. 
Assume that {&to. &) is differentiable from the right at 0. We consider the map: 
transopb:nr(M”) + TxOX” z R 
which sends every y E p(M”) to the vector tangent to the following path: 
[O, E) + X” 
t -PAY) (x). 
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This map is a crossed homomorphism twisted by p. = ROT 0 CD. TMs means that, for every 
Y, p E 711 (M”): 
(trans 0 Pb) (YP) = (trans 0 ~b) (y) + pa(y) ((trans o,&)(p)). 
We use this notation because &, is a crossed homomorphism from xl(M”) to g the Lie 
algebra of Isom(X”), twisted by the adjoint of po. So trans is the surjective morphism of the 
exact sequence: 
O+so(n)+g~T,,X”+O 
where so(n) is the Lie algebra of the stabilizer of x0. 
A crossed homomorphism 4 : nl (M”) + R” twisted by ROT 0 CD is called principal if there 
exists 0 E R” such that: 
r(y) = (ROT 0 Q)(y) (0) - v for each y E 7c1 (M”). 
We say that two crossed homomorphisms are equal up to principal crossed homomor- 
phisms if their difference is principal. 
Let TRANS: Isom(E”) + R” be the map sending every isometry A to the vector 
A(p) - p, for a fixed point p E E”. The map TRANSo @ is a crossed morphism twisted by 
ROT 0 0 that does not depend on the point p up to principal crossed homomorphisms. 
Note that Q, is determined by ROT0 0 and TRANS 0 0. 
2.3. PROPOSITION. Let M” be a compact smooth manifold whose interior has a non 
complete Euclidean structure, with holonomy CD :xI(M”) -+ Isom(E”). Let (pt}te[o, Ej be a path 
ofrepresentations ofx,(M”) into Isom(H”) (or Isom(S”)) which is difirentiablefrom the right 
at 0. If the following hypotheses are satisjied: 
(i) p. = ROToQ 
(ii) trans 0 pb = TRANS 0 @ up to principal crossed homomorphisms, 
then there exists 6 > 0 such that, for f E (0,6), pr is the holonomy of a hyperbolic (or spherical) 
structure on M”, possibly not complete. 
Note that when M” has a complete Euclidean structure, 7c 1(M”) has a finite index abelian 
group and there is no path ~~~~~~~~~~~ satisfying the hypothesis of Proposition 2.3. 
2.4. Proof of Proposition 2.3. Let X” be H” or S”. For t E (0, E), (l/t)X” stands for the 
space X” with the distance multiplied by l/t. The sectional curvature of (l/t)X” is constant 
equal to K((l/t)X”) = t2K(X”) = +t2. 
Let x0 E X” be the point fixed by p. = ROT 0 @ and let p E E” be the reference point such 
that TRANS(A) = A(p) - p for every isometry A. If trans 0 P; - TRANS 0 @ is the principal 
crossed homomorphism associated to the vector u E R”, then we replace the point p E E” by 
p + u in order to have the equality: 
trans 0 & = TRANS 0 a,. 
We will use the isometric identification: 
E” = p + R” g p + T,,X”. 
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Let exp,: T,,X” E E” + (l/t)X” be the exponential map at x0 E X”. For every compact 
subset K c E”, there exists 6 > 0 such that, if t E (0,6), then exp, restricted to K is an 
embedding, even when X” = s”. 
The proof of the proposition is based on the following result. 
2.5. LEMMA. Let {pf)fECO,Ej be a path of representations as in the statement of Proposi- 
tion 2.3. For every y E 7cl (M”), exp; 1 0 p,(y) 0 exp, tends to Q(y) uniformly on every compact 
subset of E” in the %‘l-topology as t goes to 0. 
This means that the tangent map of exp; ’ 0 p,(y) 0 exp, tends to the tangent map of CD(y) 
uniformly on every compact subset of TE”. 
Proof of the lemma. For t E (0, E), we set ‘y, = exp; ’ 0 p,(y) 0 expt. We consider the 
product structure TE” g E” x R” and we show the convergence on each factor separately. 
We prove the convergence on the second factor from the following sublemma. 
2.6. SUBLEMMA. For every y E E”, the linear map dyY, tends to d&(y) unijormly on 
compact subsets of E” as t goes to 0. 
Proof: For every c E R” and y E E”, we have 
d,Y:(4 = (6 V) exp; 1 o &a(Y) o d, expJ (4 
where b(t) = exp,(y) and a(t) = p,(y)(b(t)) tend to x0 as t goes to 0. Since exp,(y) = 
exp, (p + t(y - p)), we have: 
d,exp,(v) = d,(,,exp,(tv) and d,exp;‘(w) = f d,exp; ‘(w) 
for every v E R”, z E x” and w E T,X”, where c(t) = p + t(y - p). Hence: 
d,Y:(u) = i(&,,, exp; ’ o db,tdy) o dcct, expdtv) 
= (doctJ exp; 1 o deeds) o dccfj em)W 
Since exp, is smooth, the linear maps dCct,exp, and dact, exp; 1 tend, respectively, to d, exp, 
and d,, exp; 1 uniformly on compact subsets of E”. If we identify TrEn with E” itself, then 
d,exp, and doxexp;’ are the identity maps. Since pt(y) tends to pa(y) and the isometry 
group of X” is linear, d,,,,p,(y) tends to p. uniformly on compact subsets of E”. By 
hypothesis, for every u E R”, 
d+,poMv) = (ROT o Q)(Y)(V) = do%)(4. 
Since pointwise convergence of linear endomorphisms of R” is equivalent o convergence on 
compact subsets, the assertion is proved. 0 
2.7. SUBLEMMA. When t goes to zero, Y,(p) converges to @(y)(p). 
Proof Since exp,(p) = x0 and exp;‘(y) = p + t-‘(exp;‘(y) - p), for every y E X”, we 
have 
‘y,(p) = exp;’ 0 &%x0) = p + f (exp; ’ 0 pMxo) - exp; ‘(x0)). 
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If we view exp, 1 as a local chart of a neighbourhood of x0, this formula shows that 
Y,(p) - p tends to the tangent vector to the path p,(y)(x) at t = 0. By definition, this tangent 
vector is (transo p;)(y) and equals (TRANSo@)(y) by hypothesis. Thus ‘y,(p) tends to 
P + (TRANS c Q)(Y) = Q(Y)(P). 17 
2.8. SUBLEMMA. For every compact subset K c E”, the restriction Y& is an EK,t-quasi- 
isometry and, for fixed K, F~,~ tends to 0 as t goes to 0. That is, for every x, y E K, we have 
(1 + W- ’ d(x, Y) - &K,t d d(YAx), Ye) G (1 + eK,t)d(x, Y) + EK,~, 
Proof It may be easily seen that the restriction exp,l, is a &,-quasi-isometry, where 
E& tends to 0 when t goes to 0, for fixed K (see [17, Lemma 5.183 for details in the 
hyperbolic case, the spherical one being similar). Since p,(y) tends to pa(y), the set 
p,(y) exp,(K) may be included in a ball BR(xO) of (l/t)Xn centered at x0 and whose radius 
R does not depend on t. Then, the sublemma follows from the facts that p,(y) is an isometry 
and that the restriction exp;‘I,,C,,, is a &-quasi-isometry, where s;h,, tends to 0 as t 
goes to 0 for fixed R. El 
2.9. We prove that ‘yt tends to a(y) uniformly on compact subsets of E” by using these 
sublemmas. By Sublemma 2.8, the family {Yt}t.CO,E) is equicontinuous and uniformly 
bounded on compact subsets. Thus, by Ascoli’s theorem, every sequence has a subsequence 
which is uniformly convergent on compact subsets. Let t, a sequence such that t, tends to 
0 and ‘y,, goes to Y’, uniformly on compact subsets. By Sublemma 2.8, Ym is an isometry of 
E”, in particular it is smooth. Moreover, d,Y’, = d,@(y) by Sublemma 2.6 and 
Y,(p) = (D(y)(p) by Sublemma 2.7; hence Ym = (D(y). This shows that Y, converges to (D(y) 
pointwise when t goes to zero. Uniform convergence on compact subsets follows easily 
because Q(y) is continuous and {Yt}tECO,Ej is an equicontinuous family. 
This completes the proof of the Lemma 2.5. 0 
2.10. Let us go back to the proof of Proposition 2.3. We take a thinner structure by the 
collar theorem. That is, there exists a submanifold N c M diffeomorphic to M such that 
M = NuPNBN x [0, l] and we take the induced structure on N, that may be thickened to M. 
Let fi and fi be the respective universal covers of M and N. Let Do : fi + E” be the 
developing map of the Euclidean structure. We want to construct a family of smooth maps 
D, : ,ti + (l/t)X” parametrized by t E (0, F), such that: 
~~ every D, is p,-equivariant, 
~~ exp; ’ 0 D, converges to Do uniformly on each compact of fl in the V’-topology as 
t goes to 0. 
If such a family {Dt}tsCO,Ej exists, then the restriction DJa is a local embedding for 
t sufficiently small, because of the inverse function theorem, N is compact and Dt is 
p,-equivariant. In particular, D, is the developing map of a hyperbolic or spherical structure 
on N. 
For the construction of D, we adapt an argument of [2]. We consider finitely many 
simply connected open sets UO, . . , U, of the interior of M such that N c Uou ... uU,.. Let 
rt: fi -+ M be the universal cover. 
For each j = 0, . . . , r, we define D{ : 7c- ’ ( Uj) -+ ( l/t)Xn as follows. For a given component 
I/j of n- ’ (Uj), we set: 
D{lvi = exp, 0 DoI”, 
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and we extend 0; to 7c-‘(Uj) by p,-equivariance. By Lemma 2.5, we have that exp;’ 0 0:’ 
tends to the restriction of DO uniformly on every compact of n- ’ (Uj) in the %l-topology. 
To finish the proof we glue the pieces Dp, . . . , 0; together, using standard bump function 
techniques. This completes the proof of Proposition 2.3. cl 
2.11. Remark. From this construction we have that the maps D, are continuous in t for 
the %‘-topology, uniformly on compact subsets. 
3. THREE-DIMENSIONAL CONE MANIFOLDS 
In this section we adapt Proposition 2.3 to the specific case of three-dimensional cone 
manifolds (Proposition 3.1). 
When C is a cone manifold with singular set Cc homeomorphic to a circle, a meridian 
p is an element of 7c1(C\Zc) represented by a meridian of the knot & c C. 
3.1. PROPOSITION. Let C be a closed oriented three-dimensional Euclidean cone manifold, 
with meridian p, singular angle r,427cZ and holonomy Q:n,(C\C,) -+ Isom+(E3). Let 
~PJW, E) be a path of representations of IT~(C\&) into Isom(H3) (or Isom(S3)) which is 
diflerentiable from the right at 0. If the following hypotheses are satisjied: 
(i) p. = ROT 0 0, 
(ii) trans 0 ~b = TRANS 0 0 up to principal crossed homomorphisms, 
(iii) For every t E [0, E), p,(p) is a rotation around a geodesic, 
then there exists 6 > 0 such that, for t E (0,6), pt is the holonomy of a hyperbolic (or spherical) 
cone structure on C\&, with the same singular set and whose singular angle equals the 
rotation angle of p,(p). 
As in previous section, let X3 denote H3 or S3 and p the base point of E3. Let 1 c E3 be 
the geodesic fixed by @(,u) and 1 c X3 the geodesic fixed by ROTa@ = po(~). 
3.2. LEMMA. There exist a continuous path {At}teLo, Ej in Isom+(X3) which is differenti- 
able from the right at 0 and a point q E 1 such that: 
(i) &(I’) is the geodesic fixed by pt(p). 
(ii) The map exp; ’ 0 A, 0 exp, tends to the translation of vector q - p uniformly on 
compact subsets of E3 in the %‘I-topology. 
(iii) A0 is the identity. 
Proof Suppose that X3 = H3. In this case, the two points of the Riemann sphere dH3 
fixed by pt(p) define two continuous paths in dH” which are differentiable from the right 
at 0. Let {z:)~~[o, E) and {z~L)~~~o, G be these paths and let z” be a third different point of the 
Riemann sphere. We take A, to be the orientation preserving isometry of H3 mapping z”, z: 
and z; to z”, zz+ and z;, respectively. The path {A,},, [o, Ej is differentiable from the right at 
0 and satisfies properties (i) and (iii). The construction in the spherical case is analogous. 
The proof of Lemma 2.5 goes through to show that exp; ’ 0 A, 0 exp, tends to the 
translation of vector w = trans 0 A;. We claim that the point q = p + w if fixed by Q(p). 
Since exp; ’ 0 A, 0 exp,( p) is fixed by exp; ’ 3 p,(p) oexp, and tends to q, the claim follows 
from the uniform convergence of exp; ’ 0 p,(p) 0 exp, to m(p). Thus, q E 1 and the lemma is 
proven. cl 
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3.3. ProofofPropositE.1. As in 2.10, for t > 0 sufficiently small we want to construct 
p,-equivariant maps Q : C \Cc+ (l/t)X3 such that exp, ’ oD, tends to D,,, the difference 
being that in this case we study carefully the behaviour in the neighbourhood of the 
singularity. 
Let r0 > 0 be sufficiently small such that the set of points at distance less than r. of Cc 
defines a tubular neighbourhood of Cc. We consider this tubular neighbourhood with its 
core drilled: 
T = {x E C\&ld(x, Cc) 6 ro>. 
We construct the maps D, on the universal cover of the complement of T by using the 
method of Proposition 2.3 and in this proof we describe the restriction of D, to the 
neighbourhood of the singularity. 
First note that x1(T) injects into x1 (C\C,), because the restriction of the holonomy CD to 
nl(T) has kernel either trivial, or generated by a nonprimitive multiple of the meridian. 
Hence, T lifts to the universal cover of C\& as the union of different simply connected 
components, each one being the universal cover of T. We define the restriction of D, to the 
universal cover T of T and we extend it equivariantly to the whole preimage of T. 
3.4. Definition. Let g be an oriented geodesic of E3, y, a point of g and v a vector with 
base point y, and perpendicular to g. We say that the point y E E3\g has cylindrical 
coordinates (h, 19, r) E R x [0,2x) x (0, co) with respect to g and II if the point yl E g which 
minimizes the distance between g and y is at signed distance h form yo, the angle between 
v and the segment yly is 8 and the length of the segment y,y is r. 
The same definition holds for (l/t)H3 and locally for (l/t)S3. 
3.5. The universal cover T is homeomorphic to R x R x (0, 11, where R x R x {l} is the 
lift of the boundary of T. If (2, p} generate 7c1 (T ), where p is the meridian, the action of 
xl(T) on T is defined by 1.(x, y, z) = (x + 1, y, z) and p.(x, y, z) = (x, y + 1, z), for every 
(x, y, z) E R x R x (0, 11. 
Recall that 1 denotes the geodesic fixed by Q(p). Let 4 E I be the point given by 
Lemma 3.2 and v be any vector perpendicular to 1 with base point q. In cylindrical 
coordinates with respect o 1 and v, the developing map Dolf is defined as follows: 
D,:~~RxRx(0,1] -+ E3\1 
(x, Y, 4 -, (x Length C&J, x ra(W)) + yao, zro) 
where c(~ is the singular angle of C, r. is the radius of T and ra(Q(1)) is the rotation angle 
of @(A). 
The geodesic 1’ of X3 is the geodesic fixed by ROT 0 (D(p) = pa(p) and the base point 
x0 E X3 is fixed by po(7c1(C\&)). Let v’ be the vector perpendicular to 1’ with base point x0 
which corresponds to u by the identification Tx,X3 E T,E3. By using cylindrical coordi- 
nates with respect o 1’ and u’ in (l/t)X3, we define: 
‘I’, : T z R x R x (0, l] -+ (l/t)X3 \l 
(x2 _h 4 t-+ (x W,(4), x W,(4) + Y rah(d), zr0) 
where tl(pt(l)) is the translation length of p,(A) along the geodesic of points fixed by pt(p) 
and ra is the rotation angle around the same geodesic. We define &Ii: = A, 0 ‘y,, where A, is 
given by Lemma 3.2. 
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It only remains to prove that exp;’ oD,(i: tends to DoIf, because we glue D,li: to D& 
by bump function techniques. 
3.7. LEMMA. For every compact subset K c R2, exp; 1 0 Dt(Kx(O, II tends to DOIKx(O, 1I 
uniformly in the gl-topology. 
Proof. For t > 0, consider the map ce,: E3 + (l/t)X” which is expressed as the identity 
in the cylindrical coordinates with respect o 1 and u in E3 and with respect o 1’ and v’ in 
( l/t)X3. As the exponential map, ce, is smooth because E3 is interpreted as the tangent space 
to the points of I’ and ce, may be defined in terms of geodesics and the corresponding 
differential equations. 
By Lemma 3.2 (ii), exp;’ 0 A, cexp, tends to the translation of vector q - p, thus the 
lemma follows from the next result: 
3.8. SUBLEMMA. (i) exp; 1 0 ce, tends to the translation of vector p - q uniformly on 
compact subsets of E3 in the WI-topology. 
(ii) ce;’ 0 A;’ 0 DtlKx(O, 11 tends to DOIKx(O, 1l uniformly in the V’-topology. 
ProoJ The proof of (i) is analogous to the proof of Lemma 2.5. Since 
cc,(y) = ce,(q + t(y - q)) and d&e1 is the identity map, the proof of Sublemma 2.6 goes 
trough to show that d(exp;’ ace,) tends to the identity. By definition, 
exp; ’ 0 cc,(q) = exp; ‘(x,) = p and it may be easily seen that, for every compact subset K, 
the restriction ce& is an &,,,-quasi-isometry, where E~,~ tends to zero as t goes to 0. Thus, the 
same argument as in the proof of Lemma 2.5 shows (i). 
The expression of ce; ’ 3 A; 1 3 D,I i = ce, 1 0 Yt in cylindrical coordinates with respect o 
1 and v for E3 is 
TgRxRx(O,l] +E3\l 
(x, Y, 4 H (x tl(&)), x ra(M)) + Y ra(p&4), zr0). 
The convergence of this maps to D,(f follows from the fact that ra(p,(A)) tends to 
ra(po(l)) = ra(Q(J)), ra(p,(p)) tends to ra(Q(p)) = c(~, and the translation length of p,(p) in 
(l/t)X3 tends to the translation length of Q(1), which is equal to length (&). 
This finishes the proof of Sublemma 3.8 and of Proposition 3.1. cl 
4. VOLUMES AND THE SCHL#FLI FORMULA 
Let GkO,dl be the family of hyperbolic or spherical cone manifolds obtained from 
Proposition 3.1. We will assume that the curvature of C, is fl, and (l/t)C, will denote the 
cone manifolds with curvature 4 t2. In this section we study some properties of the volumes 
of these manifolds. We will use SchKfli formula to relate the volume to the behaviour of the 
singular angle. 
4.1. PROPOSITION. Let C be a three-dimensional Euclidean cone manifold and (pf)tEIO, Ej 
a path of representations satisfying the hypothesis of Proposition 3.1. The volume Vol(C,) of 
the cone manifolds obtained from Proposition 3.1 is continuous in t E (0,6). Moreover, 
;$Il+ f Vol(C,) = Vol(C). 
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Proof: Let R be a simply connected subset of C\& of full measure. This subset may be 
obtained from any triangulation of C containing Cc in the l-skeleton. Since R is simply 
connected, the developing maps D, and Do are defined on R. Thus, the expression of the 
volume is 
Vol(C,) = DFW, 
s R 
where X3 = H3 or S3 and w1 is the volume form on X3. Since D, is continuous in t, 
uniformly on compact subsets in the V’-topology, the form D:w, may be expressed as ftwr , 
where,f, is a family of functions on R that vary continuously in t uniformly on compact 
subsets in the %Y”-topology. We conclude that the above integral varies continuously in 
t and that Vol(C,) is continuous in t. 
If w, is the volume form on (l/t)X3, we have 
;vol(c,) = Vol AC = (t t) S,@w’= jR(exp;loQ)*exp:w,. 
If w. is the volume form on E3, there exists a family of functions gt on E3 such that 
exp: w, = gtwO and g1 converges to 1 uniformly on compact subsets. Since the map 
exp;’ 1 D, converges to Do uniformly on compact subsets in the %?‘-topology, we easily 
conclude that: 
jiT+ f Vol(C,) = 
s 
Do*w(J = Vol(C). 
R 
cl 
4.2. PROPOSITION. Let C, {pt}te(o, 6j and { Cr}te(o, 6j be as in previous proposition. Assume 
moreover that the path p, is analytic. There exists 6’ > 0 such that the singular angle CI, of C, is 
analytic in t E (0, 6’) and: 
d Vol(C,) = c Length(&) da, 
L 
where C, is the singular set of C, and K = fl is the curvature of C,. 
ProoJ The singular angle CI, is analytic in t because it is an analytic function in the 
coordinates of Pi. We compute volumes by using the Schlafli formula. In order to apply 
Schlafli’s formula, we will divide the cone manifold in small polyhedra whose faces vary 
analytically in t. 
Let E > 0 be a positive real number such that, for every point x in the Euclidean cone 
manifold C, the ball B,(x) is isometric to either a nonsingular ball in the Euclidean space, or 
a ball with a singular arc. We choose a &/S-net Z of C which does not intersect Cc. That is, 
Z is a finite subset of Ce that every point of C is at distance less than 45 of Z. 
For t E (0,6), let D, : C\& + (l/t)X3 be the developing map constructed in Section 3, 
where X = H3 or S3. We may assume that, for every z E Z, if z” is a lift of z, then D,(5) is 
analytic in t. 
We choose 6’ so that, for every t E (0,6’) and every x E (l/t)C,, the ball BE12(x) isisometric 
to either a ball in (l/t)X3 or a ball with a singular arc. Moreover, we suppose that Z c C\& 
is a E/4-net in C,, for every t E (0,6’). 
For t E (0,6’) and z E Z, we define 
P,(z) = {x E C,ld(x, z) = d(x, Z)}. 
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Since Z is a s/4-net, each face of P,(z) is the subspace quidistant from z and an other point 
of Z&~,,,(Z). If P,(z)nCc = 0, then P,(z) is a convex polyhedron that may be embedded 
isometrically in X3 and has a finite number of faces which vary analytically in t. If 
P,(z)n& # 8, then the intersection P,(z)nC, is an arc. In this case, if the singular angle is 
less than 275 then we divide P,(z) in two polyhedra by cutting along the totally geodesic 
plane of k&(z) which contains z and & (here totally geodesic plane means a plane that 
contains the minimizing path between any two points of the plane). In general, when the 
singular angle cc is between 2xn and 27c(n + l), we consider 2n + 2 totally geodesic half- 
planes bounded by Cc, with dihedral angles equal to a/(2n + 2) and such that z is 
equidistant from the two closests half-planes. We obtain a finite number of non singular 
convex polyhedra parametrized by t E (0,6’), such that their faces vary analytically in t and, 
for every t E (0,6’), they define a tessellation of C. We denote this polyhedra by Pi, . . . , P,“, 
where t E (0,6’). 
For i = 1, . , N, changes in the topology of Pf occur at a discrete subset of (0, S’), 
because their faces vary analytically in t. In the open dense subset where the topology of Pf 
does not change for any i = 1, . , N, the Schlafli formula applies. For such values, if 
K = f 1 is the curvature of X3, we have 
d Vol(Pf) = f C Length(e) da, 
e 
where the sum is carried over the set of edges of Pf and s(, is the dihedral angle of the edge e. 
By adding the volumes of all the polyhedra, for every t in (0,6’) out of a discrete subset, we 
obtain 
d Vol(C,) = s Length(&) da,. 
This formula is deduced from the fact that all nonsingular edges of Pt(z) glue together is such 
a way that the sum of the dihedral angles of the edges glued together is always equal to 27~. 
By Proposition 4.1, the function Vol(C,) is continuous in t and Length(&)(da,/dt) is 
continuous too since length and dihedral angles are analytic functions of the holonomy. 
Thus, the formula holds for every t E (0,6’). 0 
From Propositions 4.1 and 4.2 we obtain the following corollary, that will be useful in 
the proof of Theorem A. 
4.3. COROLLARY. Let C, (pt}tE(O,dJ and {Ct)ts(o,6’, be as in previous proposition. The 
singular angle c(, is strictly decreasing ifthe family of cone manifolds {Ct),s(O, 6SI is hyperbolic, 
and strictly increasing ifit is spherical. 
5. VARIETY OF REPRESENTATIONS AND CROSSED MORPHISMS 
5.1. Dejinitions. Let r be a finitely generated group. The variety of representations R(T) 
is the set of all representations from r into SL2(C). This set has a structure of complex affine 
algebraic set as follows. Let yl, . . . , yn be generators of r. Since SL,(C) is an affine algebraic 
group, the set R(T) is viewed as an affine subset of SL2(C)” c C4” by mapping every 
representation p to the point (p(yi), . . . , p(y,)). The image of R(T) is the affine subset of C4” 
defined by the polynomial equations induced by the algebraic relations between the 
generators. 
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For p E R(F), we denote by Z’(F,Adp sl (C)) the space of all crossed morphisms from y to z 
the Lie algebra slz(C) twisted by Ado p. In other words, Z’(F.,,,sl,(C)) is the vector space of 
all maps 8: F -+ s12(C) such that, for each y, p E I, 8(yp) = e(y) + Ad,&). 
The group SL,(C) acts algebraically on R(F) by conjugation and its algebraic quotient 
X(F) is the variety of characters. Since SL,(C) is reductive, X(F) is an affine set and there 
exists a surjective projection R(I) + X(I). For p E R(I), its projection in X(F) is called the 
character of p and is denoted by xp. In [4] it is shown that xp can be interpreted as the map 
xp: F + C defined by x0(y) = trace@(y)), for each y E I, and this is why it is called the 
character variety. Conjugacy classes of irreducible representations are determined by its 
character (141. 
When M is a manifold, R(nl(M)) and X(x,(M)) are usually denoted by R(M) and X(M). 
The Zarisky tangent space to R(T) at p is denoted by T,R(T). It may be interpreted as 
the set of all tangent vectors to polynomial paths pt in C4” such that p. = p and pt satisfies 
the equations defining R(T) modulo the ideal t2C[t]. According to the following proposi- 
tion, T,R(T) is a subspace of Z’(F,Adp s12(C)) (see [S, 201 for a proof). 
5.2. PROPOSITION (Weil [20]). For p E R(r), thefollowing map is an inclusion: 
vw) + ZV-,,,, s12m 
r + d2(c) 
9 I---+ ~(Pt(dP0(g-‘)lt=0’ 
5.3. Remark. The above proposition still holds if we replace SL,(C) by any Lie group 
and we use the corresponding Lie algebra. Apart from SL,(C), we are interested in the 
varieties of representations into SU(2), SU(2) x SU(2) and %‘(E”). 
For p E R(r), we denote by B1(I,Adp s12(C)) the subspace of principal crossed mor- 
phisms of Z’(F,,+, sl,(C)). A crossed morphisms 0 E Z’(F,Adp s12(C)) is called principal if 
there exists a E sl,(C) such that &i) = AdP&u) - a for each y E F. The cohomology of 
F with coefficients in s12(C) twisted by Adp is denoted by H’(F,Adp~12(C)) and it is 
isomorphic to Z’(F,Adp sl,(C))/B’ (F,Adp s12(C)). The subspace of principal crossed 
homomorphisms B1(I,Adp s12(C)) is the subspace tangent o the fiber of p [20]. Moreover, if 
p is irreducible, then we have the following proposition (see [17, Proposition 3.51 for 
a proof): 
5.4. PROPOSITION. For p E R(T) irreducible, the inclusion from Proposition 
inclusion: 
qOXx(r) + ~1 (rYAdp Si2(C))W(r,Adp 4, (C)) g f11 (r,Adp s12(C)). 
5.2 induces an 
5.5. Remarks. (i) We will work with the simply-connected groups %+(X3), which are 
the two sheeted cover of Isom+(X3), where X3 = H3, E3 or S3. The stabilizer of a point in 
%+(X3) is isomorphic to SU(2); and we still denotes by ROT: %+ (E3) + SU(2) the 
lift of the morphism from Isom+(E3) to SO(3). 
(ii) For any representation p: I + SU(2), H*(I,Adp su(2C)) is isomorphic to 
H, (I-,,,, SO(~)), because su(2) = SO(~) and the adjoint action of SU(2) factors through 
SO(3). Moreover, since s12(C) = su(2)& C, 
fwjAdp s12(c)) = 4(r,Adp swm c. 
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5.6. Convention. We equip ~(2) with the unique positive definite bilinear form 
B: ~142) x ~(2) + R and the unique orientation such that: 
(i) B is invariant by the adjoint action of SU(2). 
(ii) A basis {vl, v2, us} for su(2) is orthonormal and positively oriented if and only if: 
[Vi, Vi+ 11 = Vi+2 for i = 1,2,3. 
The existence and uniqueness of this form may be easily proven by using the properties 
of the Killing form. The choice of B has been made in order to avoid multiplying constants 
in Lemmas 5.10 and 5.11. 
5.7. Remark. Whenever we have an action of SU(2) on R3 induced by the orthonormal 
action of SO(3) on R3, there exists a unique isomorphism su(2) r R3 which is isometric, 
orientation preserving and SU(2) equivariant. 
We are interested in two examples of such an action of SU(2) on R3 and the correspond- 
ing equivariant idscations su(2) g R3. The first example is the action induced by the 
projection ROT: Isom+(E3) -+ SU(2) whose kernel is the translation group. The second 
example is the following one: given a point xg E X3(X3 = H3, E3 or S3) the stabilizer of x0 in 
%+(X3) is isomorphic to SU(2) and acts (orthogonally and so as to preserve orientation) 
on the tangent space T,,X3. 
Recall that, given a point p in the Euclidean space E3, we have a map 
TRANS: Isom(E3) -+ R3 defined by TRANS(A) = A(p) - p, for every A E Isom(E3). This 
map is a section to the inclusion of the translation group into Isom(E3). 
The proof of the following proposition is straightforward (cf. [l, Proposition 2.31). 
5.8. PROPOSTION. For every representation CD : I- + %+(E3), TRANS 0 CJ is a crossed 
morphism twised by ROT 0 Q,. Given a jixed representation p: r -+ SU(2), the map TRANS 
and the identiJication su(2) E R3 of Remark 5.7 induced the following bijections: 
(i) {Q E Hom(T, G+(E~))~R~T~ = ~}+-LZ~(~,~~~SU(~)) 
(ii) {@ E Hom(T, r som+(E3))(ROTocD = p and Q has a fixed point in E3}w 
BKAdp su(2)) 
(iii) (0 E Hom(T, ? som+(E3))1 ROT 0 @ = pl /R3ctH’ (T,adp su(2)), where R3 denotes the 
translation group acting by conjugation. 
5.9. COROLLARY. Let I- be aJinitely generated group. The map induced by ROT: 
ROT, : Hom(T, %+ (E3)) -+ Hom(T, SU(2)) 
induces a vector bundle on the open subspace of representations p E Hom(r, SU(2)) such that 
the dimension of Z’(r,Adp su(2)) is minimal. 
Proof of the Corollary. The space Z’(r,Adp su(2)) may be thought of as the kernel of 
a linear map from R3 rank(r) to R3 which depends algebraically on p E Hom(r, SU(2)). The 
kernel of this linear map may easily be locally trivialized at the representations where the 
rank of this linear map is maximal. In particular, the set where the dimension of 
Z’ (rjAdp su(2)) is minimal is a Zariski open set. 0 
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We still need two more lemmas about the infinitessimal behaviour of the isometries of 
H3 and S3. More precisely, we describe the map trans we defined in 2.2. In the hyperbolic 
case, since s12(C) = su(2)& C, we have an imaginary part Im : sl*(C) + su(2). This Im is the 
linear map such that, for every a, b E su(2), Im(a + ib) = b. 
5.10. LEMMA. Let ~~~~~~~~~~~ be a path in R(T) difirentiable from the right at zero and 
such that p,(T) c SU(2) (thus p,(T) has ajixed point x0 E H3). Zf we identify su(2) to T,,H3 
us in Remark in 5.1, then: 
trans 0 & = Im &. 
Recall that SU(2) x SU(2) is the universal cover of Isom+(S3). The spherical version of 
5.10 is the following. 
5.11. LEMMA. Let {qr)ts[O, Ej and {v~}~~[~, EJ be two paths of representations of I’ into SU (2) 
difJi?rentiable from the right at zero and such that y10 = vO (thus qO x v,,(T) has a fixed point 
x0 E S3). If we identify su(2) to TxOS3 as in Remark 5.7, then: 
trans 0 (& x &) = f& - I$. 
The proof of Lemmas 5.10 and 5.11 is straightforward. 
6. THE TRACE FUNCTION 
In this section we prove Theorem A by studying the local behaviour of the trace of the 
meridian. 
6.1. Definition. Let I’ be a finitely generated group and X(I) the variety of characters. 
Given ;J E I the tracefunction associated to y is the regular function defined by: 
z,:x(r)+c 
This function is obtained by factorization of the function on R(T) which maps every 
representation p to trace(&)). 
According to a theorem of Hodgson and Kerckhoff [l 11, if C is a closed hyperbolic cone 
manifold having singular angles less than 27r, then the trace of the meridians define a local 
parameter of X(C\C,) in a neighbourhood of the conjugacy class of its holonomy. In 
Lemma 6.3 we show that this is not the case for Euclidean cone manifolds. 
Let C be a closed orientable Euclidean cone manifold such that Cc z S’ and its singular 
angle is not an integer multiple of 27~. Let 0 : rri(C\C,-) -+ Isom+ (E3) be a lift of 
the holonomy. Let x0 E X(C\C,) denote the character (or conjugacy class) of 
ROT~@:rr,(C\C,)+SU(2). 
6.2. LEMMA. If ROT0 0 is irreducible and IYI~(C\C~,~~ ROT @4,(C))) z C, then x0 is 
a smooth point of the character variety X(C\Cc) and the local dimension is one. Moreover, in 
a neighbourhood of x0, there exists a nonsingular real curve of characters of representations 
into SU(2). 
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Proof: According to Proposition 3.2.1 of [4], since ROTo@ is irreducible and the 
holonomy of the meridian is nontrivial, the irreducible component of X(C\&) which 
contains x0 has dimension at least one. Moreover the dimension of the Zariski tangent 
space of X(C\Cc) at x0 is at most one, by the hypothesis on the cohomology group and 
Proposition 5.2. Thus, x0 is a smooth point and the local dimension is one. 
According to 141, there exist yl, . . . ,yN E rrl(C\Cc) such that the trace functions 
I y,, . . . ,I,, generate the coordinate ring C[X(C\&)] and, for every y E rci(C\&), Iy is 
a polynomial in Iyl, . , YN I with integer coefficients. Moreover, the map; 
I = (I,,, . . . ,z),N):X(C\CC)-tC~ 
embeds X(C\Cc) as an algebraic subset of CN, which defined over Q [15]. Consider the real 
variety Y = I- ‘(RN). Since x0 is a smooth point of X(C\&) with local (complex) dimension 
one, x0 is a smooth point of Y with local (real) dimension one, because X(C\Cc) is defined 
over Q. For every y E q(C\&) and every x E Y, x(y) is real, because Iy is an integer 
polynomial in Zy,, . . . , IyN. Thus, it may be easily seen that every point of Y is the character of 
a representation i to SU(2) or SL,(R) and that all the points of Y in a neighbourhood of x0 
are characters of representations into SU(2), because ROTo@ is irreducible (see [6] or [17, 
Lemma 5.251). Cl 
6.3. LEMMA. Under the hypothesis of Lemma 6.2, the trace function of the meridian is 
a branched cover of degree two in a neighbourhood of x0. 
Proof: By Lemma 6.2, x0 is a smooth point of X(C\&) and has a neighbourhood 
biholomorphic to a complex disk. Let p E rci(C\&) be a meridian. We prove in Corol- 
lary 9.9 that Z, is not a local parameter of X(C\Cc) at x0. So I,, is either constant or 
a branched cover. 
Suppose first that Zp is a branched cover. That is, there exists U a neighbourhood of x0 in 
X(C\Cc) and V an open set of C such that: 
is a branched cover of degree n with branch point at x0. The preimage 1; ‘(VnR) is the 
union of n paths I,, . . . ,1, intersecting at x0 and the angle between li and ii+ i is n/n. One of 
these paths, say 11, is the real curve: 
YnU = (SU(2)\Hom(xl(C\&),SU(2)))nU. 
For i = 1, . . . , n, we divide li in two, 1: and 1,: so that 1; nli- = x0 and we view each 1: and 
each 1; as a path starting at x0. Since ROT 0 @ is irreducible, there exists an analytic local 
section s to the projection R(C\Cc) + X(C\&) at x0. We claim that the hyperbolic version 
of Proposition 3.1 applies to the 2n - 2 paths s 0 1:) . . . , s 0 1’. 
In order to prove the claim, we consider vi the vector tangent o li at x0, for i = 1, . . . , n. 
Since vi is tangent o the variety of representations into SU(2) up to conjugation, v1 is real 
and thus Im(ri) # 0 for i 2 2. By Proposition 5.8, the crossed homomorphism TRANS 0 CD 
is nontrivial in H’(C\CC,AIzROT ,Q, su(2)). Thus, for i B 2 there exists a real number 
Ai # 0 such that Im(ri) is the cohomology class of AiTRANSo@, because 
H’(C\CC,AI~ROT,8~~(2)) g R. By Lemma 5.10, if v”i is the vector tangent to soli, then: 
trans 0 pi = hi TRANS 0 @ 
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up to principal crossed homomorphisms. Thus, after resealing C by a factor +1i (we reverse 
the orientation for negative factors) hypothesis (ii) of Proposition 3.1 is satisfied. Hypothesis 
(iii) of Proposition 3.1 comes from the fact that an element of SL(2, C) is a nontrivial 
rotation of H3 if and only if its trace is real and contained in ( -2,2). 
We want to show that n = 2, so we suppose n > 2 in order to derive a contradiction. If 
n > 2, the restricted map: 
I,, : l,v ... UC -+ VnR 
is surjective. Moreover, we have the formula 
I&J = trace(p(d) = f2 cos(a/2), 
where c( is the rotation angle of p(p). The sign of this formula only depends on the choice of 
the lift to SL(2, C) of the representation into PSL,(C) and it is is easily checked that I,, is 
monotonic in tl. Hence, there is a path of hyperbolic cone manifolds whose singular angle is 
strictly increasing, which contradicts Corollary 4.3. 
This deals with the case where I,, is a branched cover of degree n > 2. The case where 1, is 
constant is similar: we could find a family of hyperbolic cone manifolds with constant 
singular angle, that would contradict again Corollary 4.3. 0 
6.4. Proof of Theorem A. Let x0 be the conjugacy class of ROT 0 Q. Since (C, Cc) is not 
a Seifert pair, then ROT0 Q is irreducible, by Lemma 9.1. So we apply Lemma 6.3 and we 
have a neighbourhood U of X(C\Cc) and an open set V c C such that the map: 
is a branched cover of degree two branched at x0. 
The preimage of VnR has two branches, 1i and I, which meet at x0 orthogonally (see 
Fig. 2). One of this branches 1i is the real subvariety: 
YnU = (SU(2)\Hom(n,(C\Cc),SU(2)))nU. 
We divide l2 at x0 in two paths 1: and 1;. We have shown in the proof of Lemma 6.3 that 
Proposition 3.1 applies to 1: and I;, and this gives two families of hyperbolic cone 
manifolds. By Corollary 4.3, the singular angles of these families are between a0 - E and ao. 
Note that the family given by 1: is the same as the one given by 12 but with the orientation 
reversed (cf. [7, Section 61). 
To construct he spherical family of cone manifolds we divide I1 at x0 in 1: and 1;. Since 
I,,([:) = &(l;), we can find a path of representations into SU(2) x SU(2) up to conjugation: 
such that Ipo~+ = I,or]-. This path may be lifted to a path f of representations into 
SU(2) x SU(2). We claim that the spherical version of Proposition 3.1 applies to f. 
Hypothesis (i) of Proposition 3.1 is satisfied by construction and (ii) comes from the fact 
that 1,oq’ = I,, 0 q-, so it remains to show that trans 0 r(O) equals TRANS 0 @ up to 
principal crossed homomorphisms. By Lemma 5.11 we have that the cohomology class of 
trans 0 G’(O) is: 
[transoQ’(O)] = (y+)(O) - (q-)‘(O) = 2(~+)‘(0) # 0. 
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Fig. 2. Preimage of VnR, where y E x1 (C\Z,-) is chosen so that 1, is a local parameter. Note that I1 is contained in 
Im(1,) = 0 since I1 is a real variety. 
Since the dimension of the cohomology group H’(C\C C,AI=ROT00~~(2)) is one, we deduce 
from Proposition 5.6 that trans 0 $‘(O) is equal to a multiple of TRANS 0 0, up to principal 
crossed homomorphisms. 
Thus, Proposition 3.1 applies to 4 and we obtain a family of spherical cone manifolds 
with angles between c(e and czO + E, by Corollary 4.3. 
We remark that the same family of spherical cone manifolds with reversed orientation 
can be constructed by permuting q?+ and q-. q 
7. GENERALIZED DEHN SURGERY COEFFICIENTS 
7.1. Definitions. Let y E rcr(C\&) and p. E R(C\C,) be a representation such that 
trace(po(y)) # f2. In a neighbourhood U of the conjugacy class x(po) E X(I) we can 
define an analytic function u:,: U + C\2xiZ called the complex length. This function is 




exp (a, M/2) 0 
0 ) exp( -r&)/2) 
Geometrically, this means that p(y) is a hyperbolic isometry preserving an axis such that it is 
a translation along this axis of length the real part of u,(p) composed with a rotation around 
this axis of angle the imaginary part of u?(p). The trace function Z, is obtained from the 
complex length by the formula ZY = 2cosh(u,/f). 
Let p be a meridian of the cone manifold C and i, E rri(C\&) such that p and A generate 
a peripheral subgroup of C\&. Even if the trace of pa(A) is +2, if trace(p) # f2 then the 
pair (a,, u,J is a well-defined analytical map in a neighbourhood of po. 
Let C be Euclidean cone manifold whose singular set is a circle, with holonomy a’, and 
p. = ROT 0 0. The generalized Dehn surgery coefhients of representations of C\& into 
SL,(C) close to p. are two real numbers (p, q) defined by the equation: 
pur + qui = 2rri 
where the complex lengths are chosen so that uc(po) = ai, ul(p,) = pi, if c( is the singular 
angle and /I is the rotation angle of @(A). 
By taking the real and imaginary parts, the above equation splits into two real 
equations, which are the translational and the rotational equations respectively. 
There exists an analogous definition of Dehn surgery parameters for Euclidean 
and spherical structures by using a translational equation and a rotational one. See 
[9, Section 21 for details about these coefficients. 
REGENERATING HYPERBOLIC AND SPHERICAL CONE STRUCTURES 383 
7.2. Proof of Theorem B. Let @:rr,(C\&) -%+(E3) be a lift of the holonomy of 
C and x0 the character of ROTo@. Let U be a neighbourhood of x0 in X(C\&) and 2 its 
intersection with the characters of representations into SU(2): 
z = UnY = UnR(rr,(C\C,), SU(2))/SU(2). 
According to Lemma 6.2, U is an open disc of C and Z is an open interval of R. 
We consider Z x Z as an open subset of the variety of representations into 
SU(2) x SU(2) up to conjugation. The rotational part of the holonomy CD is viewed as the 
point (x0, x0) E Z x Z and the diagonal A c Z x Z is the subset of representations into 
SU(2) x SU(2) that fix a point in S3. 
7.3. LEMMA. If the neighbourhood U c X(C\C,) is suficiently small, then: 
(i) Every point of Z is the rotational part of a holonomy of a Euclidean structure on C\&. 
(ii) Every point of U\Z is the holonomy of a hyperbolic structure on C\&. 
(iii) Every point of Z x Z\A is the holonomy of a spherical structure on C\Cc. 
Proof: The curve Z may be lifted to a path of representations into the universal cover of 
Isom+(E3) by Corollary 5.7. By a theorem of [2], these representations are holonomies of 
Euclidean structures. 
To show (ii) and (iii) we must adapt the proof of Proposition 2.3. In the hyperbolic case, 
we consider a real analytic parametrization of U in a neighbourhood of the origin in R*. If 
(s, t) are these parameters, we may assume that Z is defined by the equation s = 0. Since x0 is 
irreducible, we take a family of representations {pS,f)(S.f,EII depending smoothly in (s, t) E U 
such that po,o = ROT 0 0, where Q is the lift of the initial Euclidean holonomy. It is enough 
to prove that, for every 7 E rri(C\&), the limit 
lim exp; ’ 0 PRY) 0 exp, = WY) 
s,t-0 
SfO 
converges uniformly on every compact subset of E3 in the V:‘-topology. This can be easily 
achieved by adapting the proof of Lemma 2.5 and using the fact that the Euclidean 
holonomies on Z are continuous. The idea is the same as in the spherical case. n 
It may be checked that the behaviour of the structures on a neighbourhood of Cc is of 
Dehn surgery type as defined in [9, Section 21. These are generalizations of cone singular- 
ities and the arguments of Section 3 may be easily adapted. 
7.4. Next we consider parametrizations for U, Z and Z x Z. 
By Corollary 9.9 the function uI is a local parameter of X(C\&) at x0. We take local 
coordinates (s, t) in a neighbourhood of the origin in R2 such that 
Us = ipo + s + it 
where ui(xo) = iflo. Thus (s, t) define a parametrization for U. 
Note that Z = {(s, t) E U IS = 0}, because the complex length in SU(2) is imaginary. Thus 
t is a parameter of Z in a neighbourhood of the origin. 
Let (t 1, t2) be the coordinates of Z x Z. We change to a new parametrization by an open 
neighbourhood of the origin in R2 with coordinates (x, y), where 
x = (t1 - t*)/2 
Y = (t1 + t2)/2. 
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Note that the diagonal A c Z x Z corresponds to the curve x = 0. We have chosen (x, y) 
because x is the translation length of the spherical holonomy of il and #I0 + y is its rotation 
angle, in analogy with (s, t) in the hyperbolic case. 
7.5. PROPOSITION. There exist two real analytic function G and H defined in a neighbour- 
hood of the origin in R2 such that the equations: 
pG(r, t) + q = 0 
(*) 
pH(r, t) + q(t + Bo) = 27~ 
have the following properties: 
(i) They define p and q as real analyticfunctions on (r, t) in a neighbourhood of the origin 
and the map (p, q) is invertible at the origin. 
(ii) For r > 0, (p, q) are the hyperbolic generalized Dehn surgery coejicients of the region 
U\Z by setting r = s2; for r = 0, they are the Euclidean coeficients of Z (by setting 
r = s = 0); and for r < 0, they are the spherical coejkients of Z x Z\A by setting 
r = -x2 and t = y. 
(iii) There exists an analyticfunctionf which is strictly convex and such that the Euclidean 
curve r = 0 is described by the equation p = f (q); the hyperbolic region r > 0, by 
p > f (q); and the spherical region r < 0, by p <f(q). 
According to this proposition, the map (p, q) embeds each component of the regions 
U\Z and Z x Z\A into R2, but both components of U\Z and of Z x Z\A are identified to 
only one component. This is explained by the fact that generalized Dehn surgery coefficients 
do not distinguish orientation, and that the different components of U\Z (resp. Z x Z\A) 
correspond to different orientations of the same hyperbolic (resp. spherical) structures. 
See Fig. 3. 
Theorem B follows easily from Proposition 7.5. Before proving this proposition, we 
need the following lemma. 
7.6. LEMMA. There exists an analytic function F defined in a neighbourhood of PO such 
that u, = iF(u,/i) and whose coeficients in the power expansion at /?,, are real. Moreover, 
there exists a positiue real number a2 > 0 such that 
u, = iclo + ia ((2~~ - i/?0)/i)2 + 0( 1 uA - ifi 1 3). 
Proof of the lemma. Since u1 is a local parameter of a neighbourhood of x0, u, is an 
analytic function in Us. Moreover, since the restriction of u,$ and up/i to the real curve Z are 
both real, the power expansion of F at /I0 has real coefficients. By Lemma 6.3, we have that 
F’(/?,) = 0 and a2 = F”(/?,)/2 # 0. Thus, it remains to show that a2 > 0. To prove this, we 
use the path of hyperbolic cone structures of Theorem A. This path is described by the 
equation t = q(s). Since this path is orthogonal to Z, n’(O) = 0. Thus 
uI(s, q(s)) = ifi + s + io(s) 
and 
(% ou&(s, q(s)) = ior - ia2s2 + o(s’). 
Since the singular angles of the hyperbolic cone manifolds are less than aO, we deduce that 
a2 > 0. cl 
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Fig. 3. Z divides U in two components corresponding to the two different orientations of hyperbolic structures. 
When we take generalized Dehn surgery parameters (p, q), we fold U and Z because coefficients (p, q) do not 
distinguish orientation. 
7.7. ProofofProposition 7.5. The equation of the hyperbolic generalized Dehn surgery 
parameters is: 
pus + quA = 2xi. 
We study the equivalent system of two real equations. Let G,, and HO be two real analytic 
functions such that 
up = Go@, t) + iH&, t). 
Since F is an analytic function with real coefficients, G,, and HO are defined as follows: 
Go(s, t) = Re(iF((& + s + it)/i)) = i/2(F& + t - is) - F’& + t + is)) 
H&, t) = Im(iF((iBo + s + it)/i)) = 1/2(F& + t + is) + F& + t - is)). 
The real equations defining p and q are: 
pG&, t) + qs = 0 
Pfw, t) + 40 + PO) = h. 
The former is the translational equation and the latter is the rotational one. From the 
definitions, we have the following equalities: 
G,( -s, t) = -G&, t) 
Hot-S, t) = Hob, t) 
for every s, t e U. 
Let r = s2 and G and H be two analytic functions such that GO(s, r) = sG(r, t) and 
HO@, t) = H(r, t). The equations defining p and q become 
pG(r, t) + q = 0 
(*) 
pH(r, t) + q(t + PO) = h. 
By the implicit function theorem, p and q are functions on (r, t). The inverse function 
theorem yields that (p, q) is an invertible map at (r, t) = (0,O). This proves (i) and the 
hyperbolic case of (ii). 
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A direct application of the implicit function theorem shows that the curve r = 0 is 
described by the equation p = f(q), where f is a real analytic function. Moreover, by an easy 
calculation: 
ffq) = PO - gh + j-&I2 + O(q3). 
2 
So fis convex at q = 0 because a2 > 0. Furthermore, p > f (q) in the region of Dehn surgery 
coefficients of points of U\Z, because singular angles of hyperbolic cone manifolds must be 
less than the singular angle of the Euclidean one. This proves (iii). 
7.8. In order to prove (ii) in the Euclidean case, we compute Dehn surgery equations for 
the Euclidean structures of Z. As we are in Z, the local parameter is t, and we have that 
Us = (PO + t)i and u9 = iH(0, t) = iF(,& + t). If F’ denotes the derivative of F, by Proposi- 
tion 9.6, the translational equation is 
PF’(B, + t) + q = 0 
because F’& + t) = du,,/duA and the translational part of 1 is nonzero. The rotational one is 
#‘@a + t) + dBo + t) = 27~ 
These equations are equivalent to (*) when r = 0, because F(/?, + t) = H(0, t) and 
F’(P, + t) = G(0, t) (these equalities follow from the definitions). 
7.9. In the spherical case, in order to study generalized Dehn surgery parameters we set 
Ro(x, Y) = (Wo + ri) - F(Bo + r2))/2 
So(x> Y) = (Wo + ri) + F(Bo + t2W 
where x = (ti - t2)/2 and y = (ti + t2)/2. The coefficients (p, q) are defined by the following 
equations: 
PRo(x, Y) + qx = 0 
PSok Y) + 4(Y + PO) = 27.t 
(for instance, see [14, Section 3.61 for a detailed description of the action of SU(2) x SU(2) 
on S3). Since changing the sign of x is equivalent to permuting ti and tl, we have the 
following identities: 
Ro(-x, Y) = - Rob Y) 
sot-x> Y) = So(x, Y). 
So we set z = x2 and we take real analytic functions R and S such that Ro(x, y) = xR(z, y) 
and So(x, y) = S(z, t); then the equations defining the coefficients (p, q) are 
pR(z, Y) + q = 0 
(**) 
PW, Y) + 4(Y + Bo) = 27c. 
If follows immediately from the definitions that Go(ix, y) = iR,(x, y) and 
Ho(ix, y) = So(x, y). Thus 
R(z, Y) = G(-z, Y) 
Sk Y) = H(-z, Y). 
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So, setting t = y and r = -2, we have the equivalence between the system of equation (*) 
and (**) as claimed. Hence (ii) is proven in the spherical case too. 
This finishes the proof of Proposition 7.5 and of Theorem B. n 
8. THE VOLUME FUNCTION 
Procfof Proposition C. Since the real number K(CJ3V01(CJ2 is invariant by dilata- 
tions, we will assume that K(C,) is either - 1, 0 or 1. 
8.1. We first compute the hyperbolic volume Vol(C,) for c1 E (a,, - E, CQ). We use the 
notation of previous section. That is, the holonomy of C, is represented by a point (s, t) E R2 
in a neighbourhood of the origin. The length of Cc, equals to IsI, the singular angle (x is 
H,(s, t) and, since C, is a cone manifold (s, t) satisfies G&, t) = 0. 
Let G and H be the analytic maps defined in previous section such that 
GO(s, t) = sG(s2, t) and H,(s, t) = H(s2, t). Since the length of Cc is nonzero, (s, t) satisfies 
G(s2, t) = 0. The implicit function theorem yields that this equation defines t as an analytic 
map on s2, thus s is a local parameter. Recall that s and -s define the same hyperbolic 
structure but with different orientations. 
By Proposition 4.2, for a E (cI,,, cxO + E), we have 
dVol(C,) = -~Length(C,,)da = -ilsjdH(s2, t(s2)). 
Thus, consider the analytic function: 
T/H(s) = -; 5 s ’ 0 dW?$t2)) dt, 
This function is odd in s and gives the oriented hyperbolic volume of the cone manifold with 
singular angle a = H(s2, t(s2)). 
8.2. As in the previous section, we represent spherical holonomies by points (x, y) E R2 
in a neighbourhood of the origin and we have the analytic maps Ro, So, R and S. As in the 
hyperbolic case 8.1, holonomies of spherical cone structures for a E (ao, c(~ + E) satisfy the 
equation R(x2, y) = 0, which defines y as an analytic map on x2. Thus, x is the local 
parameter and x and -x define the same structure with reversed orientations. Again, by 
Proposition 4.2, for c( E (c(~, CI~ + E): 
dVol(C,) = iLength(CcJda = flxldS(x2, y(x”)). 
In this case, we consider the following analytic function: 
This function is odd in x and gives the oriented volume of the spherical cone manifold with 
singular angle tl = S(x’, y(x2)). 
8.3. Next we compare T/H and T/S. In Section 7.9 we proved the equalities 
R(x2, Y) = W-x2, Y) 
S(x2, y) = H( -x2, y). 
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From this, by setting s = ix, we deduce that t( -x2) = y(x2) and 
I/H(ix) = ii/S(x). 
By setting r = s2 for positive values of r and r = -x2 for negative values of r, the map: 
1 
- VH(s)’ if r > 0, where r = s2 
V”(r) = VS(X)~ if r < 0, where r = -x2 
0 if r=O 
is analytic in r on a neighbourhood of zero. 
From the computations in Lemmas 7.6 and 7.7, and using the equalities c1 = H(s2, t(s2)) 
for CI > ~1~ and c( = S(x2, y(x’)) for ~16 ~1 o,we obtain that the singular angle is analytic in 
r and that 
a(r) = c(~ - a2r + 0(r2) 
where a2 > 0. Thus, CI is an invertible map in r at r = 0 and we deduce that 
K(CJ3V01(Q2 = Y(r(u)) 
is analytic in a. If we compute the first terms of the power expansion of Y”, we obtain 
0: 3 
K(C,)3V01(C,)2 = -9r + 0(r4) = &(c4 - ~1~)~ + O(lu - a0j4). 
2 
Since f”(0) = 1/(47ca,), we obtain the formula in the statement of the proposition. q 
8.4. Proof of Corollary D. In 8.1 we have shown that the real function s is a local 
parameter for the path of holonomy representations of hyperbolic cone manifolds. Let 
G~SSK?, E) be this family of hyperbolic cone manifolds. After resealing the initial Euclidean 
cone manifold C, we may assume that (l/s)C, approximates C when s goes to 0. In this case, 
Length (Cc) = 1, because s is the length of the singular set of C,. By Lemma 4.1, we have 
= Vol(C) = Vol(C)/Lengthh(C,)3. 
Moreover, if we compute the first terms of the power expansion of the map I/H(s) defined in 
8.1, we obtain 
Vol(C,) = $ IsI3 + O(($). 
Thus, a2 = 3Vol(C)/Length(ZJ3 and the corollary follows from the equality f”(0) = 
1/(4RG cl 
9. EUCLIDEAN HOLONOMIES 
When C is a cone manifold such that Cc is a link in C, we say that (C, Cc) is a Seifert pair 
if C has a Seifert fibration such that the components of Xc are leaves of this fibration. 
9.1. LEMMA. Let C be an orientable closed Euclidean cone manifold with holonomy 
@: 7c1 (C\C,) -+ Isom(E3), such that Xc is a link in C and the singular angles are not integer 
multiples of 2x. The pair (C, Cc) is Seifert if and only if ROT 0 Q is contained in O(2) and 
(ROT0 Q)(p) E SO(2) for every meridian p of the singular set. 
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Proof: Suppose that (C, Cc) is a Seifert pair. In particular, the manifold C\N(Cc) is 
Seifert, where N(&) is a tubular neighbourhood of &. Following [18], we drill a tubular 
neighbourhood of each singular fiber in C\N(Cc) and we get a new manifold MO which is 
a bundle over a surface S. Let 8 be the induced representation of MO. The fundamental 
group of M0 is isomorphic to Z twisted by rcl(S), where Z is the group generated by the 
fiber. If t denotes the generator of Z then: 
for every y E 7c1(S) 7ty-l = t” (*) 
where E is +l or -1 depending on whether the fiber orientation is preserved or reversed 
along y. We choose the unique embedding of SO(2) in SO(3) such that SO(2) commutes 
with the holonomy oft. Note that a(t) has no fixed point in E3, since t can be represented by 
a curve in 13(c\N(&)) which is not a multiple of the meridian. This remark and (*) imply 
that, for y E rcl (S), (ROT 0 g)(y) is in O(2) and it belongs to SO(2) if and only if y commutes 
with t. Since x1 (MO) is isomorphic to Z x 7c1 (S) and it surjects onto rcl(C\N(CC)), we have 
that the image of ROT 0 CD is contained in O(2). Moreover, for every meridian p, 
(ROTocD)(p) E SO(2) because it commutes with t. 
We now prove the converse. Suppose that the image of ROT 0 @ is contained in O(2) and 
that the image of each meridian is in SO(2). This means that the image of 0 preserves a one 
dimensional foliation of E3 by parallel straight lines. It induces a parallel foliation of C\& 
by pull back and this foliation extends to C by the hypothesis on the holonomy of the 
meridians (the components of Cc are the new leaves). We can reduce to the case where the 
image of ROT00 is contained in SO(2) by taking a double cover if necessary. In this case, 
we have not only a parallel foliation but an isometric flow qt. We can deduce that (C, xc) is 
a Seifert pair by using a well-known argument about isometric flows, which we outline (see 
[13] for details). As in the case of a nonsingular Riemannian manifold, the group of 
isometries of C Isom(C) is a compact Lie group. Moreover, the dimension of Isom(C) is less 
than or equal to 2, because very orientation preserving isometry of C is determined by the 
image of a point of the unit normal bundle of Cc. Let G be the closure of {qt}teR in Isom(C’). 
The group G is abelian and is either S’ or S’ x S’. If G z S’, then (C, Cc) is a Seifert pair by 
Epstein’s theorem. Otherwise, we consider the subset U = {x E C(dim(Gx) = 2). The set 
U is an open dense subset of C\& and the orbits of G define a fibration of U with 
base space the open interval (0,l). It can be easily deduced that C is homeomorphic 
to a lens space, S3 or S2 x S’ and that C admits a Seifert fibration such that (C, Cc) is 
a Seifert pair. u 
9.2. Dejnitions. Let I be a finitely generated group and p a representation of I into 
SL2(C). In Proposition 6.2 we said that the tangent space T,R(M) is a subspace of 
2’ (r,Adp s12(C)). In order to give a geometric interpretation of the whole space 
2’ (r>Adp slz(C)) we define the scheme of representations. 
Let (yi, . . . ) rnI(rj)jsJ) be a presentation of the group I. Consider the ring 
~ = C[X:1, . . . ,Xt, ... ,x’&] of complex polynomials in 4n variables. We view Xfj as the 
(i,,j)-entry of a matrix, and to each generator yk we associate the matrix: 
Let f(F) be the ideal of B generated by the polynomials obtained from the entries of the 
matrices O(rj) - Id, for j E J, and by x:1x$2 - x:~x~~ - 1, for k = 1, . . . , n. The affine 
algebra d(I) = B/f(I) d oes not depend on the choice of the presentation of F (see [ 123). 
We define the scheme ofrepresentations as &!(I) = Spec(d(I)). The affine variety R(I) is the 
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set of zeros of the polynomials of the ideal f(F), but we define 2’(F) because f(F) may be 
different from its radical (since d(F) may have nilpotent elements). 
Given p E R(F), the Zariski tangent space to the scheme at p T,R(I) may be viewed as 
the set of vectors tangent o polynomial paths pr in C4” such that p. = p andf(p,) E t2C[t] 
for everyfE f(F). Note that T,R(M) is contained in T,a(F) because very polynomial of 
f(F) vanishes on R(I). The next proposition is an extension of Proposition 5.2 (see [12, 
Propositions 2.2 and 2.31 for a proof). 
9.3. PROPOSITION. Let r be afinitely generated group and p E R(T) a representation. The 
following map is an isomorphism: 
T/Fw-) -Q'LdpS12fc~f 
r + ~1, (c) 
9 H~(P,(Y)Po(s-‘))l,=o’ 
Moreover, the image of the subspace tangent to the subscheme consisting of the orbit of SL,(C) 
acting by conjugation is identified with B’(r,Adp s12(C)). 
9.4. Remark. By Propositions 5.8 and 9.3, we can view the translational part of Euclid- 
ean holonomies as tangent vectors to the representation scheme, because of the cohomol- 
ogy with coefficients in su(2) is a subspace of the cohomology with coefficients in sl(2, C). 
9.5. Notation. Given a representation po: r + SU(2) and “/ E F an element such that 
p(y) # &-Id there exists a neighbourhood U c R(y) where a determination of the complex 
length u:, : U + C is defined. The function c(r = u,/i is called a determination of the angle. For 
a representation p into SU(2), r,(p) is the rotation angle of p(y). 
The determination c(? is not unique and dcc, is unique only up to sign. The choice of the 
sign of da, is equivalent o the choice of an orientation for the rotations around the axis 
fixed by p(y), thus it is equivalent o the choice of an orientation of this axis. 
If A E Isom+(E3) is such that ROT@ A # &Id, then A fixes an axis. We denote by tl(A) 
the translation length of A through this axis. 
9.6. PROPOSITION. Let r be a ,$nitely generated group, p : r + SU(2) be a representation 
and y E r be an element such that p(y) # *Id. Let @ : IT -+ %’ (E3) be a representation such 
that ROT 3 @ = p. !f we view TRANS i @ as a tangent vector at ROT 5 @, then 
dc(,(TRANS c 0) = +tl(<D(y)). 
Moreover, the sign in this formula is + jar a choice of da, compatible with the orientation of 
the translation through the $xed axis. 
Proof Up to conjugation, we can assume that 
P(Y) = * ( exp(iQp)P) 0 0 ew(-i~,bY2) 1 
where q(p) E R\27rZ. We take {ml, m2, m3} a orthogonal and positively oriented basis for 
su(2), where 
m, = (ib’ _t!,2) m2 = ciy2 if) and m3 = ciy2 -d”). 
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9.7. LEMMA. Under the above assumptions, ij(TRANSoQ)(y) = am, + bm2 + cmg, with 
a, b, c E R, then 
da,(TRANS 0 a,) = a. 
Pro05 Since TRANS 0 Q, is an element of the Zariski tangent space to the scheme .%?(I) 
at p, TRANS 0 @ is tangent to an algebraic path pt in the affine space CN such that p0 = p 
and pt satisfies the polynomials with define B(I) modulo the ideal t2C[t]. This path may be 
written as follows: 
p,(g) = (1 + t TRANSo@(g))p(g) + 0(t2) for every g E I. 
By setting g = 7 and taking traces on the previous equation, we obtain the following 
expression 
2 cos (Qcc,(p,)) = 2 cos&,(p)) - ta sin&x,(p)) + 0(t2). 
Since c5,(p)$2xZ, we deduce that the derivative of a,(p,) at t = 0 is equal to a, so 
dc(,(TRANS 0 a,) = a and the lemma is proven. cl 
9.8. We go back to the proof of Proposition 9.6. Since {ml, m2, m3} is an orthonormal 
basis for su(2) and ml is invariant by Ad,,,,, the lemma implies that 
da,(TRANS 0 @) = a = +tl(@(y)). 
Moreover, 
A&@2) = cosMpNm2 + sinMp)h 
~~,&h) = - sin(a,(p))m2 + Wa,(p)h. 
Thus, a = tl(cD(y)) if an only if the orientation of the translation of CD(y) through its 
axis is compatible with the orientation for the rotations given by da,. This proves the 
proposition. n 
Let C be a three-dimensional, closed, oriented, Euclidean cone manEwith & g S’ 
whose singular angle is not an integer multiple of 27r. Let CD : 7c1 (C \Cc) -+ Isom+ (E3) be a lift 
of the holonomy, x0 G X(C\Cc) the character of ROToQ, p a meridian of Cc and 
,? E rtr(C\c,-) such that p and ;1 generate a peripheral subgroup. From Proposition 9.6 we 
obtain the following corollary. 
9.9. COROLLARY. Let C, 0, p, 2. and x0 be as above. If ROT0 @ is irreducible and 
H’(C\Z GAP-ROT $12(c)) 2 c, then 
(i) neither the trace I,, nor the complex length up of the meridian is a local parameter of 
X(C\W at x0; 
(ii) the complex length uA is a focal parameter of X(C\C,) at x0, 
Proof: Since ROT 0 Q)(p) # + Id, Proposition 9.6 applies to p. We claim that, even when 
ROT 0 @(JJ = &-Id, the formula daA(TRANS 0 CD) = ftl(O(3,)) holds. To prove the claim in 
this case we apply Proposition 9.6 to ,U and Ip, and use the equalities aAp = aA + ar and 
tl(@(E.p)) = tl(O(A)) + tl(O(p)), that follow from the fact that p and 1b commute. Thus, since 
u,, = iap and uj, = ial, we have 
du,(TRANS 0 CD) = 0 but duA(TRANS 0 Q) # 0 
392 J. Porti 
because the translation length of the meridian is zero but the translation length of A is not. 
By Lemma 6.2, x0 is a smooth point of X(C\C,) and T,,,X(C\&) is isomorphic to 
H’(C\C ,_-,Ad~ROT-p~12(C)) r C. Thus, the form dun is a basis for the cotangent space to 
X(C\Cc) at x0 but the form du, is zero, when viewed in this cotangent space. This means 
that uA is a local parameter at x0 but u,, is not. By the formula Zp = 2 cosh(u,/2), neither 
is dl,. 0 
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